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A precise simulation of muons with energies above a TeV is crucial for neutrino telescopes or
cosmic ray experiments. To further increase the precision of these simulations, improved cross-
section calculations are needed. At these energies, the interaction probability is dominated by
bremsstrahlung for large energy losses and electron-positron pair production for small energy
losses.
Improved analytical calculations for these processes were developed with more precise screening
functions of the target atom as well as higher order corrections reducing the systematic uncertain-
ties below the percent level. The new calculations are already implemented in the new version of
the lepton propagator PROPOSAL, which was designed to be highly performant for the propaga-
tion through large volumes of media using interpolation tables and to do systematic studies with
its multiple available cross-section calculations. The new calculations of the differential cross
section result in a maximum deviation of 3 percent to the current standard. Their effects on the
muon simulation with the resulting flux and energy loss distribution are presented.
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1. Improved cross sections
1.1 Leading-order bremsstrahlung cross section
The singly-differential cross section for bremsstrahlung of highly-relativistic leptons in the
field of an atomic nucleus with charge Ze and mass AmN can be expressed as [1]
dσ = 4α
(
Zre
me
µ
)2 dv
v
[
(2−2v+ v2)Φ1(Z,A,δ )− 23(1− v)Φ2(Z,A,δ )
]
, (1.1)
where µ refers to the mass of the lepton, me the electron mass, α is the fine structure constant and
re the classical electron radius. v is the fractional energy loss of the lepton in the interaction. The
dependence on the electric field of the nucleus is contained in the screening functions Φ1,2 which
only depend on the nucleus and the minimum momentum transfer
δ =
µ2v
2E(1− v) . (1.2)
In the limiting case of complete screening and a point-like nucleus, the screening functions
become independent of δ and are given by
Φ01 = ln
(
B
µ
me
Z−1/3
)
, Φ02 =Φ
0
1−
1
6
. (1.3)
Here, B is the radiation logarithm. In the Thomas-Fermi model, B = 183, while in the more exact
Hartree-Fock model B depends on the nucleus. For the simulations, we use the Hartree-Fock
radiation logarithms from [2]. In the absence of screening, the screening functions coincide for a
point-like nucleus
Φ01 =Φ
0
2 = ln
µ
δ
− 1
2
. (1.4)
In the approximation Φ1 ≈Φ2, an analytical interpolation was found by [3]
Φ= ln
(µ/me)BZ−1/3
1+(δ/me)
√
eBZ−1/3
(1.5)
which describes the intermediate behavior between complete screening and no screening for a
point-like nucleus with high accuracy for medium and heavy nuclei.
The correction ∆1,2 for a nuclear form factor due to the finite size of the nucleus on the screen-
ing functions Φ01,2 is independent of screening, as very different regimes of transferred momenta to
the nucleus are concerned, such that Φi =Φ0i −∆i.
Numerical results for the nuclear correction, calculated using a Fermi form factor with nuclear
sizes according to [4], can be fitted with good accuracy using the expression
∆1 = ln
µ
qc
+
ρ
2
ln
ρ+1
ρ−1 , ∆2 = ln
µ
qc
+
3ρ−ρ3
4
ln
ρ+1
ρ−1 +
2µ2
q2c
(1.6)
with ρ =
√
1+4µ2/q2c , which follows from a step function for the nuclear form factor [5, 6].
Fitting to numerical results leads to qc = mµe/Dn with Dn = 1.54A0.27 (cf. [7]).
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We apply the interpolation analogous to [3] separately to Φ1,2 without assuming the screening
functions to be equal. Adding the contributions due to the inelastic nuclear form factor [6] and
the contribution from atomic electrons [8], we obtain the improved leading-order cross section for
bremsstrahlung as
dσ
dv
= 4Z2α
(
re
me
µ
)2 1
v
{[
(2−2v+ v2)Φ1(δ )− 23(1− v)Φ2(δ )
]
+
1
Z
satomic(v,δ )
}
,
Φ1(δ ) = ln
µ
me
BZ−1/3
1+BZ−1/3
√
eδ/me
−∆1
(
1− 1
Z
)
,
Φ2(δ ) = ln
µ
me
BZ−1/3
1+BZ−1/3 3
√
eδ/me
−∆2
(
1− 1
Z
)
,
satomic(v,δ ) =
[
4
3
(1− v)+ v2
][
ln
µ/δ
µδ/m2e+
√
e
− ln
(
1+
me
δB′Z−2/3
√
e
)]
.
(1.7)
1.2 Leading-order pair production cross section
The processes of pair production and bremsstrahlung are intimately connected. The discussion
of the screening functions for bremsstrahlung can be analogously applied to the pair production
process. However, an additional integration is carried out to obtain the doubly differential cross
section d2σ/(dvdρ) with v = (E++E−)/E, ρ = (E+−E−)/(E++E−) designating the electron
(positron) energy by E±. The pair production cross section can be written as (cf. [9, 10])
d2σ
dvdρ
=
2
3pi
(Zαre)2
1− v
v
[
CeLe+
m2e
µ2
CµLµ
]
(1.8)
with
Ce = [(2+ρ2)(1+β )+ξ (3+ρ2)] ln
(
1+
1
ξ
)
+
1−ρ2−β
1+ξ
− (3+ρ2), (1.9)
Cµ =
[
(1+ρ2)
(
1+
3
2
β
)
− (1+2β )(1−ρ
2)
ξ
]
ln(1+ξ )+
ξ (1−ρ2−β )
1+ξ
+(1+2β )(1−ρ2),
(1.10)
β =
v2
2(1− v) , ξ =
(
µv
2me
)2 1−ρ2
1− v . (1.11)
The functions Le,µ correspond to the screening functions integrated over the momentum transfer
to the electron-positron-pair. This additional integration leads to terms not contained in the main
logarithm which can be expressed in the limiting cases no screening and complete screening for a
point-like nucleus by
ΦNe =Ce ln
Ev(1−ρ2)
2me
√
e
√
1+ξ
− 1
2
|∆Ne |, (1.12)
ΦSe =Ce ln(BZ
−1/3√1+ξ )+ 1
2
∆Se , (1.13)
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where [11]
|∆Ne |= [(2+ρ2)(1+β )+ξ (3+ρ2)]Li2
1
1+ξ
− (2+ρ2)ξ ln
(
1+
1
ξ
)
− ξ +ρ
2+β
1+ξ
, (1.14)
∆Se = |∆Ne |−
1
6
{
[(1−ρ2)(1+β )+ξ (3+ρ2)] ln
(
1+
1
1+ξ
)
+
1+2β +ρ2+ξ (3−ρ2)
1+ξ
}
.
(1.15)
Here, Li2(x) is the dilogarithm defined by Li2(x) =−Re
∫ x
0
ln(1−t)
t dt.
The difference between |∆Ne | and ∆Se had been neglected in earlier parametrizations of the pair
production cross section. This difference is the effect of the difference in the screening functions
Φ1,2 before the additional integration. In addition, the special functions in ∆e were approximated
by an expression consisting only of elementary functions in [9]. Based on the results in [11], we
have separated the coefficients of the two screening functions. Incorporating the calculations for
the effect of a nuclear form factor analogous to the bremsstrahlung case and [10] and adding the
contribution of atomic electrons [12], we arrive at the following expression for the pair production
cross section
d2σ
dvdρ
=
2
3pi
Z(Z+ζ )
1− v
v
[
Φe+
m2e
m2µ
Φµ
]
, (1.16)
where
Φe =Ce1L
e
1+C
e
2L
2
e , C
e
1 =Ce−Ce2, (1.17)
Ce2 = [(1−ρ2)(1+β )+ξ (3−ρ2)] ln
(
1+
1
ξ
)
+2
1−β −ρ2
1+ξ
− (3−ρ2), (1.18)
Le1 = ln
BZ−1/3
√
1+ξ
Xe+
2me
√
eBZ−1/3(1+ξ )
Ev(1−ρ2)
− ∆e
Ce
− 1
2
ln
[
Xe+
(
me
mµ
Dn
)2
(1+ξ )
]
(1.19)
Le2 = ln
BZ−1/3e−1/6
√
1+ξ
Xe+
2mee1/3BZ−1/3(1+ξ )
Ev(1−ρ2)
− ∆e
Ce
− 1
2
ln
[
Xe+
(
me
mµ
Dn
)2
e1/3(1+ξ )
]
, Xe = exp
(
−∆e
Ce
)
,
(1.20)
∆e = [(2+ρ2)(1+β )+ξ (3+ρ2)]Li2
1
1+ξ
− (2+ρ2)ξ ln
(
1+
1
ξ
)
− ξ +ρ
2+β
1+ξ
, (1.21)
and
Φµ =C
µ
1 L
µ
1 +C
µ
2 L
µ
2 , C
µ
1 =Cµ −Cµ2 , (1.22)
Cµ2 = [(1−β )(1−ρ2)−ξ (1+ρ2)]
ln(1+ξ )
ξ
−21−β −ρ
2
1+ξ
+1−β − (1+β )ρ2, (1.23)
Lµ1 = ln
B µmeZ
−1/3/Dn
Xµ +
2me
√
eBZ−1/3(1+ξ )
Ev(1−ρ2)
− ∆µ
Cµ
, (1.24)
Lµ2 = ln
B µmeZ
−1/3/Dn
Xµ +
2mee1/3BZ−1/3(1+ξ )
Ev(1−ρ2)
− ∆µ
Cµ
, Xµ = exp
(
−∆µ
Cµ
)
, (1.25)
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Table 1: Parameters of the parametrization for the radiative corrections to the bremsstrahlung cross
section.
n 0 1 2 3 4 5
an −0.00349 148.84 −987.531
bn 0.1642 132.573 −585.361 1407.77
cn −2.8922 −19.0156 57.698 −63.418 14.1166 1.84206
dn 2134.19 581.823 −2708.85 4767.05 1.52918 0.361933
∆µ =
[
(1+ρ2)
(
1+
3
2
β
)
− 1
ξ
(1+2β )(1−ρ2)
]
Li2
(
ξ
1+ξ
)
+
(
1+
3
2
β
)
1−ρ2
ξ
ln(1+ξ )+
[
1−ρ2− β
2
(1+ρ2)+
1−ρ2
2ξ
β
]
ξ
1+ξ
(1.26)
with the abbreviations
ζ =
0.073ln E/µ1+γ1Z2/3E/µ −0.26
0.058ln E/µ1+γ2Z1/3E/µ −0.14
, (1.27)
γ1 = 1.95×10−5, γ2 = 5.3×10−5 for Z 6= 1, (1.28)
γ1 = 4.4×10−5, γ2 = 4.8×10−5 for Z = 1. (1.29)
1.3 Radiative corrections to bremsstrahlung
The radiative corrections to the bremsstrahlung cross section have been calculated based on the
Weizsäcker-Williams method and the radiative corrections to the Compton cross section [13] and
the double Compton cross section [14]. In [15], some of us have calculated radiative corrections
to the average energy loss. Based on this calculation we have determined the corrections to the
differential cross section. The cross section factorizes into the screening function and a universal
function srad(v) of the fractional energy loss v. The calculation on the basis of the Weizsäcker-
Williams method cannot distinguish between the terms proportional to Φ1 and Φ2. Since this
would be a small correction of a few percent to the already small radiative corrections, this does
not pose a problem. Numerical calculations can be parametrized by
dσ
dv
∣∣∣∣
rad
= Z2α2
(
re
me
µ
)2
Φ1(δ )srad(v),
srad(v) =

∑2n=0 anvn v< 0.02,
∑3n=0 bnvn 0.02≤ v< 0.1,
∑2n=0 cnvn+ c3v lnv+ c4 ln(1− v)+ c5 ln2(1− v) 0.1≤ v< 0.9,
∑2n=0 dnvn+d3v lnv+d4 ln(1− v)+d5 ln2(1− v) v≥ 0.9,
(1.30)
where the values of the fit parameters an,bn,cn,dn are given in Table 1.
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2. Effect of improved cross sections on muon simulations
The average energy loss of the new bremsstrahlung and pair production cross sections com-
pared to the baseline cross sections is shown in Figure 1. An increase of around 2 % for the
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(a) Average energy loss of bremsstrahlung.
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(b) Average energy loss of pair production.
Figure 1: The average energy loss of the cross sections shown above compared to Kelner et al.
[7, 8, 9, 10, 12] for bremsstrahlung 1a and pair production 1b.
bremsstrahlung cross sections, mainly driven by the radiative corrections, and a slight decrease of
the pair production cross section are observed. Further effects on the propagation are studied using
the lepton propagator PROPOSAL.
2.1 The lepton propagator PROPOSAL
PROPOSAL [16] is a Monte-Carlo Simulation library to propagate charged leptons. It is
mainly designed to simulate muons with energies above 10 GeV traveling large distances through
media with high performance and accuracy. This is needed for large volume detectors like neu-
trino telescopes or other underground experiments dealing with an atmospheric muon background.
PROPOSAL is used in the IceCube simulation chain for the propagation and decay of muons and
taus.
PROPOSAL is a C++ library, originally written in Java (called MMC) [17], but through a
pybinding wrapper, it can also be used as a Python library. The current version [18]1 includes a
complete reconstruction to a modular code structure and polymorphism resulting in a performance
improvement of 30 %. To reach a high precision in a decent amount of time, PROPOSAL uses
interpolation tables during initialization. Although there is the possibility not to use the interpola-
tions and always integrate over the propagation integrals, this decreases the performance by orders
of magnitudes.
One of the main goals of PROPOSAL is the ability to do systematic studies concerning the un-
certainties in the muon cross sections. Therefore multiple cross section parametrizations are avail-
able to study their effect on the propagation. Currently, there are two pair production parametriza-
tions, five bremsstrahlung parametrizations and eight nuclear inelastic interaction parametrizations
1The code is available at https://github.com/tudo-astroparticlephysics/PROPOSAL.
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available. The production of a muon pair [19] and the weak interaction [20] are optional processes.
Although the muon production doesn’t contribute to the average energy loss, the additional muon
tracks create a different event signature in a detector and also increase the muon flux for air showers
measured on earth. The weak exchange of a charged current is even less common, but the disap-
pearing high energy muon track in a hadronic shower and an invisible outgoing neutrino creates a
unique signature inside the detector.
2.2 Effects on the range- and energy loss distribution
The effects of using different cross sections can be best seen in the distribution of the secondary
particles, or the energy losses and decay products. In addition to that, the range distribution should
also be affected, while being influenced more indirectly. A comparison of the bremsstrahlung and
pair production cross sections calculated in this work with the widely used cross sections calculated
by Kelner et al. [7, 8, 9, 10, 12] on the range and secondaries distribution using PROPOSAL is
shown in figure 2.
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Figure 2: Effects of the cross sections shown above (dotted) compared to Kelner et al. [7, 8, 9, 10,
12] (dashed) regarding the secondaries 2a and range 2b distribution when propagating muons with
an energy of 10 TeV through ice using a minimum energy loss cut of 500 MeV.
In the secondaries distribution 2a, an increase at the higher energy losses is observed, which
is expected as the new bremsstrahlung cross section is slightly higher. In addition to that, the
pair production cross section is slightly lower, which increases the effect, since the bremsstrahlung
dominates the higher energy losses while the pair production dominates the lower energy losses at
this energy. The additional processes of muon pair production and weak interaction are negligible
as well as the electrons from decays.
In the range distribution 2b, the higher range bins are decreased, which is explained by the
higher cross sections. These shorter propagating muons are then distributed in the lower ranges
bins, which then increases.
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3. Conclusion
New muon cross sections for bremsstrahlung and pair production with an improved description
of the screening of an atom is presented showing a decrease of half a percent of the cross section. In
addition radiative corrections for bremsstrahlung showing an increase of 2 % are presented. These
new cross sections slightly shift the energy loss distribution to more high energy losses and less
smaller losses. Also, the range distribution of the muons tends to shorter ranges.
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